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1 Introduction 



The AdS/CFT correspondence [H Ej [3l H] has been a useful tool in the study of properties of 
strongly coupled gauge theories. By using AdS/CFT, the shear viscosity of strongly coupled 
gauge theories can be calculated in the hydrodynamic hmit [5], [6l [71 [8] on the AdS side. It is 
found that there is some universality on the value of the ratio of shear viscosity over entropy 
density, which is always l/47r in the regimes described by gravity. This ratio is also conjectured 
to be a universal lower bound (the KSS bound [6j) for all materials. All known materials in 
nature by now satisfy this bound. More discussions on the universality and the bound can be 
found in0[IOl[IIl[l2l[T3l[Ta[l5l[T6l[I71[T8l[l9]. 

The universal value of 1/Att is also obtained in the case with nonzero chemical potentials 
turned on [20l EH ESj |23] . In [21], the value rj/s is also calculated to be l/in for gauge theories 
with the gravity dual of Einstein-Born-Infeld theory. With stringy corrections the value of rj/s 
has a positive derivation from l/An but still satisfies the KSS bound [251I261I271I281I291I301I3T] . 
However, in [3211331131] the authors considered higher derivative gravity corrections and found 
that the modification of the ratio of shear viscosity over entropy density to the conjectured 
bound is negative, which means that the lower bound is violated in this condition. The higher 
derivative gravity corrections they considered can be seen as generated from stringy corrections 
given the vastness of the string landscape. A new lower bound, 4/257r which is smaller than 
l/47r, is proposed, based on the causality of dual field theory. 

In [351 EE] , the authors calculated the ratio of shear viscosity to entropy density for general 
gravity theory duals. They identified the value of the ratio with a quotient of effective cou- 
plings [37] of two different polarizations of gravitons, K^y and Urt valued on the horizon [35] . This 
ratio can be different from l/47r in general gravity theories. In [38], the authors confirmed the 
dependence of shear viscosity on the effective coupling of transverse gravitons imposed in [35] 
using the approach of scalar membrane paradigm. This effective coupling of transverse gravi- 
tons valued on the horizon in general gravity theory may be different from the corresponding 
one in Einstein gravity, which leads to the value of the ratio different from l/47r. 

In this paper we will first confirm the formula of the dependence of the shear viscosity on 
the effective coupling of transverse gravitons using Kubo formula through a direct calculation 
of Green function of transverse gravitons. We reach the same result as using the membrane 
paradigm fluid in |38|. The calculation of the effective coupling of gravitons should be careful 
because there are many total derivatives in the effective action of gravitons, which do not affect 
the equation of motion of gravitons. Then we will calculate the effective coupling of transverse 
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gravitons for Einstein gravity and Gauss-Bonnet gravity coupled to matter fields separately. In 
the case of Einstein gravity it would be easy to show that the value of the ratio is not affected 
if matter fields are minimally coupled. However, in the case of Einstein- Gauss-Bonnet gravity, 
it has already been observed that the ratio has corrections if chemical potentials are turned 
on [39]. We will also calculate, in the Gauss-Bonnet gravity, the F"^ corrections of Maxwell field 
to the ratio and find that the ratio ranges from (1 — 4A)/47r to 1/Att for e > — 7rG/^/72. For 
e < (1 -4A)/47r < ri/s < (1 - 4A - X-nGf /ISe) / A-n , and the ratio can not reach 

l/47r because the temperature has a lower bound above zero. Here e is a parameter given 
shortly. 

The organization of this paper is as follows. We will first derive the dependence of shear 
viscosity on the effective coupling of transverse gravitons using Kubo formula in Sec. 2. In 
Sec. 3 we calculate the effective coupling of transverse gravitons for Einstein and Gauss-Bonnet 
gravities coupled with matter fields, respectively. Then in Sec. 4 we apply the resulting formula 
of the dependence of shear viscosity on the effective coupling of transverse gravitons to AdS 
Gauss-Bonnet gravity with corrections of Maxwell field. Sec. 5 is devoted to conclusions 
and discussions. 

2 The dependence of shear viscosity on the effective cou- 
phng 

It was first noted in [35] that the shear viscosity is determined by the effective coupling of 
transverse gravitons. In [38] the authors confirmed this by using the scalar membrane paradigm 
fluid. In this section we obtain this result by calculating the shear viscosity through the energy 
momentum/graviton correspondence using the Kubo formula [9| [13] 

where rj is the shear viscosity, and the retarded Green's function is defined by 

Gj^.A^lfc) = -ij rf^xe-*-0(t)([T,.(x),r,,(O)]). (2) 

These are defined on the field theory side. The advanced Green's function can be related 
to the retarded Green's function of energy momentum tensor by G^j^xpW = ^/L,Ap(^)*- 
the frame of AdS/CFT correspondence, one is able to compute the retarded Green's function 
by making a small perturbation of metric. Here we choose spatial coordinates so that the 
momentum of the perturbation points along the z-axis. Then the perturbations can be written 
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as h^i, = h^^{t, z,u). In this basis there are three groups of gravity perturbations, each of 
which is decoupled from others: the scalar, vector and tensor perturbations [IQ]. Here we use 
the simplest one, the tensor perturbation h^y. We use to denote this perturbation with one 
index raised (p = hy and write in a basis as u, z) = 0('u)e~*'^*^*P^. To calculate the Green 
functions of the energy momentum tensor we should first fix a background black hole solution 
and get the equation of motion for gravitons in this background. In this paper we mainly 
focus on the case of Ricci-flat black hole backgrounds. The case for black holes with hyperbolic 
horizon topology has been discussed recently [HI |42j . We assume that the background black 
hole solution is of the form 

1 

ds'^ = -giu){l - u)dt^ + — — -du^ + ^(rfx^), (3) 

h[u){l — u) ur 

where the horizon of the black hole locates at m = 1 and the boundary is at u = 0, h{u), g{u) 
are functions of u, regular at m = 1 and / is the AdS radius which is related to the cosmological 
constant by A = —6/P. Note here that we impose the condition h{u) and g{u) are regular at 
the horizon. This indicates that the Ricci-flat black hole solution we consider here should be a 
non-extremal solution. The calculations below are not valid for extremal black holes. One can 
expand the Einstein equation of motion to the first order of to get the equation of motion 
of gravitons, and the effective action of gravitons can be obtained by expanding the gravity 
action to the second order of 0. In the frame of Einstein gravity, the equation of motion of 
is just the Klein-Gordon equation for massless scalars. The effective action for the transverse 
gravitons is always equal to 

up to some total derivatives in Einstein gravity. However, in gravity theories with higher 
derivative corrections, it may not still be the one for a minimally coupled massless scalar. Now 
we consider a specific kind of effective graviton action which is the same as the one considered 
in [38]. We write the effective action in the momentum space 

S = I ^du^o{K{u)^'^' + w'K{u)gouug'o'<P' - p'L{u)<P') (5) 

up to some total derivatives, where a prime stands for the derivative with respect to u, and 

<P{t,u,z) = l^^<P{u;k)e-'-'+'P\ k = {w,0,0,p), <P{u; -k) = <p*{u- k). (6) 

This action can be viewed as a minimally coupled massless scalar with an effective coupling 
Keffiu) = K{u)/gQ^ plus a 0^ term proportional to p^. Here gofj,iy denotes the background 
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metric For Einstein gravity, the effective coupling K^ff = —1/2 as can be seen in the 
action (jl]). However, in general gravity theories, the effective coupling may depend on the 
radial coordinate u. In general the effective coupling should be regular at the horizon, so 
1/K{u) should have a simple pole at m = 1. 

With these assumptions, the equation of motion of the transverse graviton can be derived 
from the action ([5]) 

(f)"{u, k) + A{u)(p\u, k) + k) = 0, (7) 

where 

. (Jp^, (8, 

K{u)y/-go 

B{u) = -gouug'o'w' + (9) 

K [u) 

Substituting the metric function yields 

/ N w'^ Liu) o , , 

= h( \ ( VI \2 + • 10 

h\u)g\u)\\ — uy K[u) 

Because the shear viscosity only involves physics in the zero momentum limit, L[u) would not 
affect the value of t]. The only constraint on L{u) is that it should be regular at the horizon 
u = \. In fact we can also have an extra term w'^N{u)(fP' in the action (5), and we assume N{u) 
is also a function of m, which is regular at the horizon u = 1. The addition of such a term will 
not affect the value of rj. Then we follow the standard procedure to solve this equation ([7]). 
First we impose the incoming boundary condition at the horizon so that 



0H = (l-n)-^^'"F(w), (11) 

where F{u) is regular at the horizon. (3 can be calculated by considering ([7]) in the limit m — >■ 1, 
which leads to 

P= , ^ -- (12) 

Because we only need to know the w — > behavior of this graviton we can expand the solution 
in the way 

F{u) = 1 + il3wFo{u) + 0{w^) + 0(p2). (13) 
By expanding the equation ([7]) to the first order of w, we get the equation of -Fo('") 

The solution of this linear differential equation can be expressed as a sum of a specific solution 
and a general solution. The specific solution denoted by Fop{u) is easy to find 

Fop{u) = \n{l-u). (15) 
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The equation for the general solution F^g is 



K,(w)+A(w)F^,(w) = 0. (16) 
Integrating this equation on both sides, we get 



Further integrating leads to 



= KTVr^- ^^^^ 



{u) = C I ^ du + D, (18) 



where C and D are two integration constants. From the assumptions given above we know 
F^giu) should have a simple pole at u = 1 because under our assumption of the metric ([3]), 
\/—go has no poles and K{u) has a simple pole at u = 1. Then if K{u)^—go is a rational 
function, it should have a factor (1 — m), so Fq^^u) can be written as a sum of b/ (1 — u), where 
6 is a constant, and some function regular at u = 1. Thus the integration on Fq^^u) should give 

Fog{u) =b\n{l-u) + Z{u), (19) 

where Z{u) is a function regular at m = 1. In many instances, K{u)y/—go may not be a 
rational function. For example, in the case of AdS Born-Infeld black holes [24], the metric 
function is irrational. In those cases, if we can trust the Taylor expansions of K{u)^ —g^ in 
the region u G [0, 1] to any precision, we still can have f[T^ as an asymptotic solution to 
any desired precision. In this paper, we consider the cases where (fT9|) is valid. We define 
S{u) = K{u)y/—go/ (1 — u) and S{1) = lim^i^i K{u)^y—go/{l — u), and S{1) should be a finite 
quantity. Then by comparing 0191) and (1181) . we can decide the value of s and the derivative of 
the function Z{u). In general, the solution of Z{u) could not be given explicitly, but fortunately, 
only Z'{u) affects the final result. As a result, we only give Z'{u) here, 

, _ c 

s{iy 

and 



(20) 



^'H = T^(^-^)- (21) 
I — u b[u) b[l) 

With the specific solution Fqp and the general solution F^g, the final solution should be a sum 
Fop + jFog, where j is a constant needed to be determined. By requiring the solution to be 
nonsingular at m = 1, j should be chosen to be —1/6 and Fo{u) can be uniquely determined as 

Fo{u) = -\z{u). (22) 
5 



Next we put this solution into to give the on-shell action: 



Son— shell 

Integrating this action gives 

Son— shell " 



dwdp 
16nG J (2^ 



du 



-gK{u) 



167rG 



dwdp / 
(2^V 



-gK{u) 



u=0 



u=l 



(23) 



(24) 



In the appendix we argue that the other total derivatives in the bulk action and the Gibbons- 
Hawking surface term contribution exactly cancel on the boundary. Thus the resulting effective 
action is totally given by the boundary contribution in (12^ . Following the standard procedure, 

the retarded Green function can be calculated as 

1 



\u=0- 



Substituting the metric 
finally get 

1 



xy,xyy-y 167rG 

the value ([12]) of /?, the solution of ([22]) and ([21]), into ([I 



V 



lim 



|n=0 



2K, 



U 



r 



(25) 



we 



(26) 



Thus we arrive at the conclusion that the shear viscosity is fully determined by the effective 
coupling of transverse gravitons on the gravity side. In the Einstein case -K'e// = "1/2 and 
Tj = t'^/IGttGP, which is the same as the result obtained in the previous calculations in fl3\. 
In gravity theories where the Bekenstein-Hawking entropy area formula holds, we can further 
get r]/s = {-2K,ff{u = 1))/4tt. 



3 Effective coupling of transverse gravitons 

From the previous section we learn that to calculate the shear viscosity of a gravity dual, one 
only needs to know the effective couplings of the transverse gravitons in this theory. In [35], a 
formula showing effective couplings of gravitons with different polarizations is given. However, 
it is not easy to judge which of the couplings are part of a total derivative in the general formula. 
Thus in this section, we calculate the effective couplings of transverse gravitons separately for 
Einstein gravity and Gauss-Bonnet gravity with matter fields minimally coupled to gravity. 



3.1 For Einstein gravity 

The action of Einstein- Hilbert gravity with matter fields minimally coupled to the gravity can 
be written as 

S = J d'xV^ (i? - 2A + ^matter) ■ (27) 
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Here ^matter is the Lagrangian of the matter fields coupled to gravity which can be the sum of 
any scalar or gauge fields. We assume the background black hole solution is of the form ([3]), 
which implies that the matter fields only depends on the radial coordinate u and we also assume 
that ^matter dcpcuds ou the metric only through the coupling of the metric to some ordinary 
derivatives of matter fields, such as the cases of minimally coupled scalar field and Maxwell 
fields, where covariant derivatives of matter fields are equivalent to the ordinary derivatives, so 
that ^{2)^matter = (scc bclow). The Einstein equation of motion for this action is 

R,. - ^g,AR - 2A + i-„„„„) + = 0. (28) 

We want to obtain the effective action for the perturbation h^. The effective action for (f){u) 
is a sum of two parts: the bulk action Sbuik and the Gibbons- Hawking boundary term Sgb- 
The Gibbons-Hawking term does not affect the effective coupling, and the bulk effective action 
should be a sum of a surface contribution and a term proportional to the equation of motion 
of the latter of which vanishes on shell. We derive the effective action by keeping terms 
to the second order of in the action: 

Sbulk = j d:'x (^5(2) [R-2K + ^matter) + V^h) " 2A + ^matter) ) • (29) 

Here 5(2) (■ ■ ■) means to only keep terms of the second order of in (■ ■ ■). We have S(^2)-^matter = 
because the matter fields only depend on the radial coordinate u and the metric couples to the 
matter fields only through ordinary derivatives. With the xx component of the on-shell Einstein 
equation of motion R — 2A + ^matter = ^g^^R^^, we can get the action for (j){u) to be always 
the form of (jl]) up to some total derivatives. Thus Keff = — 1/2 holds in the whole spacetime 
and thus of course K^jf = —1/2 on the horizon. Because the Bekenstein-Hawking area entropy 
formula always holds in Einstein gravity, it is straightforward that the ratio of t]/s is always 
l/47r as long as the assumptions in Sec. 2 are satisfied. 



3.2 For Gauss-Bonnet gravity 

In this subsection we calculate the effective coupling of transverse gravitons for Gauss-Bonnet 
gravity. We consider the action of Einstein gravity with Gauss-Bonnet terms as well as matter 
fields 

S = I d'x^ (i? - 2A + — _ AR^.R'^'' + R^^p^R'^^n + ^matter) • (30) 

The Einstein equation of motion for this action is 



R/iu — ^-R — 2A + ^matter + '^(^^ ~ 4:RapR°''^ + Rap pcj R""^ '"^ + 



matter 



Sg 



+ — (2RR^, - ARp^RP, - ARP'^Rp^,, + 2Rp^xi.R''^\) = 0. (31) 



To simplify calculations, we consider a simpler metric 



ds' = -^-^^NV + -j4-r-,du' + '\{dx% (32) 
Pu Au^g*{u) uP 

which is a specific case of (j3]) by setting g{u) = and f{u) = ^^^fz^, so the calculations 

in Sec. 2 are still valid for this metric. A^^ is a constant that can be fixed at the boundary, 
which is defined in order to make the solution conformal to fiat Minkowski spacetime on the 
boundary at r ^ oo 

= ^(1 + V1-4A). (33) 

By keeping the action to the second order of (p we can get the effective action for transverse 
gravitons 



Sbuik = -r^ / d'x S^2)V^[R- 2A + —(/?'- ^R^.R^" + Rp.p.R^'^n + -^matt 

+ - 2A + — (i?' - 4i?^,i?^^ + R^^p^R'^-'P^) + ^matter)\ • (34) 

Having assumed that the matter fields couple to the metric only through ordinary derivatives 
of matter fields, and the matter fields solution only depends on the radial coordinate u, we can 
see that the variation S[2)'^matter vanishes. Note that the xx component of the equations of 
motion ( !3T1) 

^xx ^ (^-K — /lA + Jzr^atter + ^l-K — ^ripati'^ + Kp^xe^ ) J -\ — 

H — y^RRxx — 4:RpxR^x — 4:R^''Rpxax + '^RpaXxR^" xj = 0. (35) 

And 8 ^matter / 8 9^^ = for the solution fl32l) we are considering. Substituting the above equation 
to (IMl) . we find that the effective action for transverse gravitons can be fully expressed using 
background metrics and the derivatives of metrics. Thus we can determine the effective coupling 
of the transverse gravitons without knowing the explicit form of matter fields. The bulk action 
for transverse graviton is therefore 



Sbuik = / d'x [v^(5(2) (i? - 2A + —{R^ - AR^^RP'' + Rp^p^R^''^^] 

+5(2)v^(2i?/ + Xl\2RR,^ - ARp.RP'-' - m^^^Rp^f + 2Rp„xxR'"'^''))\ • (36) 

Substituting the metric (l32l) into the bulk action, we finally get the effective coupling of the 
transverse graviton hy as 

Keff{u) = (l - 2A(?'^(m) + 2\ug'"{u)) . (37) 



We see that this effective couphng depends on the baclcground metric and the first derivative 
of the metric, and is independent of exphcit form of matter fields. The effect of matter fields is 
reflected in the metric function g*{u). Thus we obtain a universal formula of the shear viscosity 
for the AdS Gauss-Bonnet gravity with arbitrary minimally coupled matter fields, which only 
depends on the value of the metric and the first derivative of the metric on the horizon. 



4 Effects of terms in Gauss-Bonnet theory 

In the case of Einstein gravity, the effective coupling of transverse gravitons is a constant 
and not affected by minimally coupled matter fields. However, for Gauss-Bonnet gravity, the 
effective coupling of transverse gravitons fl37|) depends on the value of the metric and its first 
derivative. Thus when matter fields are coupled, the value of the ratio rj/s may be different 
from the case of pure Gauss-Bonnet gravity. In [39], when Maxwell field is added, the ratio 
Tj/s gets a positive correction, compared to the pure AdS Gauss-Bonnet gravity case. Now we 
apply the resulting formulas (l26ll and ( 1371) to the case of the Gauss-Bonnet-Maxwell theory 
with terms correction. 

The effective action of the theory we are considering is [13] 

1 r , \;2 . 

= / d^x^[R - 2A + — - AR^,R^, + j 

+ j d^x^(^ - ^P^uP'"' + c,{P^.P^^f + C2P^,P''^Px,P'"'), (38) 

where ci and C2 are two constants and A = —6//^. We consider the Ricci-fiat black hole 
solutions with only Pfr component of the Maxwell fields non-vanishing. In this assumption, the 
solution only depends on a combination e of ci and C2 |13], where 



e = 2ci + C2. (39) 

The Ricci-fiat black hole solution is 



ds"^ = -H{r)N^dt'^ + H-\r)dr^ + ^dx'^, 



2 



tr 



fir), (40) 



where 
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J(r) = 2 J drr^ + 3£/(r)^) , (42) 

and m is an integration constant, which is related to the mass of the black hole solution, /(r) 
is given by the root of 

8e/(r)3 + /(r)-^ = 0. (43) 

Here Q is the electric charge of the black hole. The horizon corresponds to the biggest root 
of iJ(r) = 0, that is to say at r^, one has 



1 _ !f _ . 0. (44) 

ri Sri 



Before calculating the ratio r]/s,we first consider the near boundary behavior of the solution 
to get the causality constraint for dual field theory. Although the solution of /(r) and /(r) 
looks complicated, we can see from (H3ll that while r oo, /(r) Q/r^, I —Q'^/Ar^. Then 
the solution near the boundary becomes the same as the one without terms [51]. As a result, 
we obtain the same causality constraint as in |39j. Following [33l[39], we can calculate the local 
"speed of graviton" 



2r ^ ,^2l- Vl-4A + Mi , ^1-4A + M2, 



4^) = M^^^ i(3-2^-^). (45) 



where 

4A/2 ^ AXPm 



^i = 16vrG^/ + ^;^, (46) 
and 

M, = 167TG^C- + 3en. (47) 
Near the boundary, /(r) Q/r'^, I — (5^/4r^, and Cg(r) can be simplified to be 

*-)-lH-| + ^-5^)^ + 0(i). (48, 

With this, we obtain the condition to avoid the causality violation 

- - + < 0. (49) 

2 1-4A 2v/r^4A ^ ' 

This is the same result as in |33], which implies that there is a condition on the Gauss-Bonnet 
coefficient A < 0.09 in order for the dual theory to obey the causality law. 

Now we turn to the rj/s ratio. We perform a coordinate transformation u = r'^/r'^ on fHOj) . 
which leads to 22 

els'" = -V{u)N^dt' + -^±—du^ + (50) 
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where V{u) is just the function obtained by changing variable r in H{r) to u. Putting this 
metric into the formula (l37j) . we have 

Keff = -2(1 - 4A + 2A167rG^^), (51) 



where 



I'il) = -rl(^ + 3ef{ur) ^. (52) 



n=l 



4 

Note that the area formula of the Bekenstein-Hawking entropy still holds for Ricci flat black 
holes in the Gauss-Bonnet gravity [44]. We get the ratio of shear viscosity over entropy density 
by inserting the root of (H3l) into (1371) and (126!) 

where /+ denotes f{u)\u=i , which is the root of the cubic equation (l43ll at r = r+. 
The temperature of the black hole is easy to calculate as 



1 d^-gtt 



ln^fg^ dr 

which gives 



(54) 



7rZ2 L 3 M 
Then the ratio of rj/s ( !53|) can be rewritten as 

77 Keff 1 /. AXttI 



T = ^[l-'-^4 + Sem. (55) 



,1 T). (56) 

s 2ti An \ r+ / 

In fact, this relation can also be deduced from the formulas for Keff (!37|l and T fl5^ . We can 
see that the rj/s ratio depends on the temperature apparently. As T — > 0, the corrections to rj/s 
vanish. Note that although the limit T — * is well defined in fl56l) . in fact, some calculations 
in the above are not valid for extremal black holes since we start from the metric assumption 
for a non-extremal black hole. 



Now we analyze the correction of term to the ratio of shear viscosity to entropy density. 
To do so, we have to study the behavior of the factor + 3ef^, in which /+ depends on r+ 
through the equation ( H3l) . We define a new function P{f) as 

P{f) = 8ef + / = ^. (57) 

In Figure 1, we plot P{f) as a function of /. In the plot, the red curve denotes P{f) as a 
function of / in the case of £ > 0, while the blue curve for the case of £ < 0. We can see from 
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Figure 1: P{f) = Sef^ + / with e > and e < 0. The red curve denotes P{f) as a function 
of / in the case of e > and the blue curve for the case of e < 0. The fact that P{f) 
when r — » oo and the boundary condition / ^ as r — > oo gives that when P{f) 0, / must 
approach to zero, too. Thus the physical part of the curve of P{f) must start from the origin 
in the figure. For Q > 0, the curve of P{f) must be in the above of /-axis. Thus we have 
< / < oo with e > and < / < /max for e < 0. The behavior of P{f+) as a function of /+ 
is the same as P{f)- 
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the right hand side of fl57p that P{f) — > when r — >■ oo. The boundary condition / ^ as 
r — > oo imphes that when P{f) —>■ 0, f must approach to zero, too. Thus the physical part of 
the curve of P{f) should start from the origin in the figure. 

When Q > 0, one has P{f) > 0. In addition, / should approach to as r ^ oo. Therefore, 
the curves in the region of P > and / > correspond to physical solutions in Figure 1. 
Namely, in the case of e > 0, the right-hand part of the red curve is of physical meaning, while 
in the case of £ < 0, the blue curve starting from the origin to its peak is physical. P{f) is 



P- = y^s=^ (68) 



mm 



at the peak, where = f^s.x — —1/24^. This implies that in this case, there is a minimal 



horizon radius rj^j^ = Q\/—6e/3. 

For Q < 0, the situation is similar. Without loss of generality, we therefore consider the 
case of Q > only. 

The case of e > is simple. For extremal black holes, one has T = 0, while for large black 
holes, the temperature ( IMI) has the behavior T = r^/vr/^ and /+ — > 0. Therefore, in this case, 
the ratio is in the range from l/47r to (1 — 4A)/47r. 

When e < 0, one has < < —1/2A6. In this case, the Hawking temperature is in the 
range from r^/nP to r+(l + 7TGl'^/72e)/TTp. In order for the temperature to be positive, one 
has to impose the constraint e < —7iGP/72. This constraint excludes the existence of extremal 
black holes, which requires e > —7iGl'^/72. As a result, if e < —'kGI'^/72, the ratio is in the 
range 

-^-(1-4A)<^<^(1-4A-A^), (59) 

while if > £ > —ttGP/72, due to the existence of extremal black hole, the situation is the 
same as the case of e > 0. Namely, the ratio is in the range 

-^(1-4A) < ^ < (60) 
Air^ ^ s Ait ^ ^ 

As a result, we see that for arbitrary value of e, the effect of correction from and 
terms is to alleviate the violation to the universal shear viscosity bound. The ratio ranges from 
(1 - 4A)/47r to l/47r for e > -nGf /72, and from (1 - 4A)/47r to (1 - 4A - XixGf /I8e) / An 
for e < — nGl'^ / 72. The range of the ratio is the same to the case without F'^ terms when 
e > —7cGP/72. When e < — 7rG/^/72, due to the existence of (non-extremal) minimal black 
holes whose temperature is larger than zero, terms lead the ratio of ///s to be always smaller 
than 1/Att. 
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5 Conclusions and discussions 



In a general form, we calculated the shear viscosity through AdS/CFT by calculating the on- 
shell action of transverse gravitons and confirmed the argument proposed in [35] that the value 
of rj is fully determined by effective couplings of transverse gravitons on the horizon. Then 
we calculated the effective couplings of Einstein gravity and AdS Gauss-Bonnet gravity with 
matter fields minimally coupled to the metric separately. We applied resulting formula for the 
shear viscosity to the case of AdS Gauss-Bonnet-Maxwell theory with terms correction of 
Maxwell field and found that both F"^ terms and the F^ terms together give a positive t]/s 
correction, compared to the case without Maxwell field. The ratio ranges from (1 — 4A)/47r to 
l/47r for e > —ttGI'^/72. When e < —ttGP/72, the correction makes t]/s range from (1 — 4A)/47r 
to (1 — 4A — XttGP /186)/An, which is always smaller than l/47r. 

We have learnt that the universality of ?7/s = l/47r is valid only for duals of Einstein gravity 
with arbitrary matter minimally coupled to gravity. Clearly, in a general gravity theory, the 
effective coupling of transverse gravitons on the horizon can be smaller or bigger than the 
corresponding value in Einstein gravity. As a result, the universality of rj/s = I/Atc must be 
violated in a general gravity theory. So far, most studies have been focused on the correction 
to the universal value l/47r due to high derivative terms of gravity, while matter fields are still 
minimally coupled to gravity. It would be very interesting to see effect of non-minimal coupling 
of matter fields to gravity on the shear viscosity of dual field theory. 

Appendix 

In this appendix, we argue that the on shell action on the boundary is just ( |24l) after the 
Gibbons-Hawking boundary term is included. We assume that the effective action of gravity is 



Here i? is a boundary contribution whose existence originates from the fact that the derivatives 
of Sg'^'^ are not fixed to on the boundary. Then we have to choose a Gibbons-Hawking term 
to cancel the contribution of B. We assume the Gibbons-Hawking term to be 




(61) 



The variation of this action of gravity with a boundary dM is 





(62) 
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Then if we choose 

SSgb = [ d^x6C = - I d^xB, (63) 

JdM JdM 

the contribution of B can be ehminated. Here we consider the case where only Sg^^ ^ and 
we choose g^"^ = —g^^ip as in the previous sections. Thus the variation of the action related to 
§gxy should be 

5Skuik= I d^'x./^G^ySg'^y + [ d^xB{5g^y). (64) 

J JdM 

The Gibbons-Hawking term should be designed to eliminate B here, and this should be valid 
to any order of 0. To be consistent with the previous sections, we choose all the functions of 
gxy expanded to the second order of 0. Then Gxy = is just the equation of motion ([7]) 
for 0. We consider our effective action ^ for 0, and to keep the equation of motion unaffected, 
the full bulk part can be the action ([5]) plus a total derivative 
1 [ dwdp 



^[K{u)(t)'(t)' + t^27r(n)(7o««^7o°V' - p'^(«)0'j + G(0, 0')'J , (65) 

where (5(0, 0')' denotes this total derivative. The variation of this action is then 

5S,uik = J ^rfu[(EOM)50 + 2(ir(w)v^0'50)' + (5G(0,0'))']. (66) 

Because we have 50 = on the boundary, the term 2{K{u)y/—g(j)'5(j))' , which involves 50, 
vanishes on the boundary after using the Stokes theorem. Thus the Gibbons-Hawking term C 
should obey 

SC + 5G(0, 0') = (67) 
on the boundary. To simplify the expression we have chosen 167rG = 1. Thus we can choose 

C + G(0,0') = O. (68) 

Thus after integration by parts, the total on-shell effective action becomes a full surface term 

Son-shell = Sbulk + SgB = TF~1^ f f (v^-^(w)0'0)) (69) 

i67rG J (zTTj^ V / u=i 

once the Gibbons-Hawking term is included. 

In addition, we would stress that because we consider at most two-order derivatives of in 
the action, G(0, 0') can be written as a sum of two kinds of terms: 

G(0, 00 = Gi(m)02 + G2(m)00'. (70) 

(5(Gi(m)0^) vanishes on the boundary, so the Gibbons-Hawking term C would not involve this 
part. Thus in the on-shell surface contributions an additional G'i(m)0^ term may also exist in 
( !69|) . However, this term only contributes a real part to the Green function and thus would not 
affect the value of t], so we can ignore this term in the calculations. 
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